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Consider the cyclic group Cm of order m and the wreath product W = W^ 
Cm I &r, where &r is the symmetric group on r letters. Then the direct product 
^ ', C = Cm X ■ • ■ X Cm of r copies Cm is normal in W and sits at the "bottom" of 

2 I W. Let -F be a splitting field of C in which m is not zero. Then the "bottom" 

FC of FW is semisimple and simple C-modules Ni are indexed by the set I{m, r) 
of all r-tuples i = {ii, ■ ■ ■ ,ir) with 1 ^ ij ^ m. Moreover, there is a central 
sj^ . primitive idempotent decomposition 1 = J2iei(m r) ^i such that Ni = eiFC. The 

r^ ! symmetric group &r acts on /(to, r) by place permutation, and the set of VF-orbits 

2? \ is identified with the set A(to, r) of compositions of r with to parts. Thus i is in the 

fSl \ orbit A G A(m, r), denoted wt(i) = A, if \j = i^{ik '■ ik = j} for all j. Notice that, 

^ ' if wt(i) = wt(j), then we have isomorphism of induced modules: Ni |^^ Nj |^. 

Qv^ ■ Therefore, putting N\ = Ni and ex = Ci if wt(i) = A, we have right VF-module 

fH ! isomorphism 

-(— > ■ 

AeA(m,r) A6A(m,r) 

L^ Standard results will give a Morita equivalence between the categories of FW- 

'^ ■ modules and eFVFe-modules, where e = X^AeACm r) ^^- Since e\FWe^ = 5x^F&x, 

^ where ©a is the Young subgroup corresponding to A, we have Morita equivalence 

(1) FW-mod ""^i^*" {(BxeAim,r)F&x)-mod. 

On the other hand, for the Hecke algebra of type B (i.e., the Hecke algebra as- 
sociated to the group WJ)' Dipper and James established a Morita equivalence 
analogous to (1) in [DJ2]. 

This paper is going to generalize these results to the Ariki-Koike algebra H = 
Urn: an Iwahori-Hecke type algebra associated with W^ (see [AK]). A major diffi- 
culty here is the non-existence of a subalgebra based on the bottom C, comparing 
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2 JIE DU AND HEBING RUI 

with the classical case, and also, the group W is no longer a Coxeter group. How- 
ever, since the semi-simplicity of FC is simply equivalent to the condition that the 
order |C| of the bottom C is non-zero in F, our strategy here is to find a g-analogue 
of the order of C, which is called the Poincare polynomial of C, and with the invert- 
ibility of such a polynomial, to look for those idempotents ex. Thus, we eventually 
establish a g-analogue of the Morita equivalence (1) above. A by-product of our 
results is the introduction of the Poincare polynomial dw of the complex reflection 
group W. We shall see that the semi-simplicity of H over a field F is equivalent to 
dw^Oin F. 

We organize the paper as follows. In §1, we introduce the poset A[m, r], which is 
isomorphic to A(to, r) and discuss some combinatorics related to symmetric groups. 
In §2, a useful lemma (2.8) related to the poset structure on A[rM, r] is proved. 
Candidates of those idempotents ex are constructed in §3. The main results are 
presented in §4, where we prove that the invertibility of the 'Poincare polynomial' 
fm,r is a necessary and sufficient condition for the existence of those idempotents 
ex, and the Morita equivalence is established. Finally, in §5, we lift the Morita 
equivalence to the endomorphism algebra level. Two by-products for H^;' over a 
field F in which fm,r is nonzero are the classification of simple modules and the 
criterion of semisimplicity. 

The main results of the paper have been announced by the first author at the 
"Symposium on Modular representations of finite groups", Charlottesville, Vir- 
ginia, May 1998, and at the "International Conference on Representation Theory," 
Shanghai, June-July, 1998. At the Virginia conference, R. Dipper announced some 
Morita theorems for Ariki-Koike algebras joint with A. Mathas with quite different 
treatment. For example, our method works over the set A{m,r) of compositions 
with m parts, while, in their method, they first treat the case where compositions 
have 2 parts. Thus, they annouced a Morita equivalence between an Ariki-Koike 
algebra and a tensor product of two smaller such algebras. To obtain our result, 
they have to break two-part compositions further down. 

Throughout, R denotes a commutative ring with identity 1. 

1. The poset A[rM,r]. Let r be a non-negative integer. A composition A of r 
with m > parts is a sequence (Ai,--- , A^,) of nonnegative integers such that 
|A| = Xlili -^i — ^5 ^^^ ^ is called a partition if the sequence is weakly decreasing. 
Let A(m, r) (resp. A(m,r)"'") be the set of compositions (resp. partitions) of r 
with r?7.-parts. With the usual dominance order <, both A{m,r) and A(m,r)"'" are 
posets. 

For notational convenience, we shall use another poset A[?Ti,r]. For any A G 
A(to, r), let [A] — [ao, ai, ■ ■ ■ , am] where oq = and a^ = Ai -|- ■ ■ ■ + A^ for all i and 
put A [to, t] = {[A] : a G A(m, r)}. The following results are almost obvious. 

(1.1) Lemma. (a) Alternatively, we have 

A[m,r] = {[ao,ai, ■ ■ ■ , a^n] : = ao ^ ai ^ ■ ■ ■ ^ a^ = r, a^ G Z,Vz}. 

(b) For any a,b E A[?7i, r], define a ^ b by setting ai ^ hi for every i with 
1 ^ i ^ m. Then A[?7i,r] is a poset with partial ordering ^. Moreover, the map 
S : A(?n, r) -^ A[m, r] defined by S(A) — [A] is an isomorphism between posets 
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(A(m, r), <) and (A[m, r], ^). In particular, we have for all A,// G A{m,r) 

X < H if and only if [A] ^ [/j] . 
(c) If — 'E~^ is the inverse map ofE, then, for a = [a^] G A[m,r], 
0(a) = (ai - ao, a2 - ai, ■ ■ ■ , a^ - a^_i). 

If a ^ 6 and a 7^ b, we write a -< b. 

(1.2) Notation. For any a = [ao, ■ ■ ■ , am] G A[?ti, r], let i (resp. j ) be the minimal 
index such that a^ 7^ (resp. aj = r) and define 

(a) a' = [0, r - a^_i, ■ ■ ■ , r - ai, r]; 

(b) tth = [0, ■ ■ ■ , 0, tti - 1, ■ ■ ■ , ttm - 1]; 

(c) Oh = [ao,ai,--- ,aj_i,r- I,--- ,r- 1]. 

The notations we choose here are symmetric: if A = 0(ci), then i (resp. j ) is 
the minimal (resp. maximal) index with A^ 7^ (resp. Aj 7^ 0), and we have 
a' = [{Xm, ■ ■ ■ , Ai)] = [A°], ah = [(0, ■ ■ ■ , 0, A^ - 1, A^+i, ■ ■ ■ , A,„)] = [Ah], and a^ = 
[(Ai, ■ ■ ■ , A,_i, A, - 1, 0, ■ ■ ■ , 0)] = [Ah]. Since (Ah)° = (A°)h and (Ah)° = (A°)h, it 
follows that 

(d) (ah)' = (a')H and (an)' = (a')h. 

Let &r = &{i^...^r} be the symmetric group on r letters as in the introduction. 
Each element w E &r can be expressed as a product of s^^ ■•■■Sij., where Si = 
(i, i + 1) are basic transpositions. If k is minimal, such an expression is called a 
reduced expression of w. The number k is defined to be the length l{w) of w. It 
is independent of the reduced expression of w and l{w) = ij^{{i,j) \ i < j, {i)w > 
{j)w}. For a = [ai] G A[m, r] with A = 6(a), let 

©a == ©A = ©{1,... ,ai} X ©{ai + 1,.-. .aa} X ■ ■ ■ X 6{a^__^ + i,... ,a^}. 

be the Young subgroup of &r corresponding to a, and Va = Vx the set of dis- 
tinguished representatives of right ©A-cosets. Similarly, for a,b E A[rM,r], Va^b = 
"^a n "D^^ denotes the set of distinguished representatives of ©a-©b double cosets. 
For positive integers i,j, let Si^i = 1 and 

_ r Si-i---Sj, if ^ >i, 
I Si---Sj-i, if ^ <j. 

(1.3) Lemma. faj M^e have &r = U^^iSi^r&r-i, where Si^r, ^ ^ i ^ r, are 
distinguished &r-i-coset representatives in &r- 

(h) Let a G A[?B,r] and d G Va,a' ■ Then d = Saj,rdi for some j with aj-i < aj 
and di G T>i,^(^a^)' , where b = [ao, ■ ■ ■ , aj-i, aj — 1, aj+i — 1, ■ ■ ■ , am — !]• 

Proof. The statement (a) is well-known. Since d G 'D~, , we have di G 'D~, fl ©r-i- 
Therefore, di G ^(~,!) = 1^7^ )> by (1.2) (d). On the other hand, d G Va implies 
that i = ttj for some 1 ^ j ^ m. Take the minimal j with a^ = i. Then aj-i 7^ aj, 
and 6 G A[?7i, r — 1]. If (ii ^ "Db, then there is a Sfc G ©b such that (ii = Skd2 with 
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l{di) = l{d2) + 1, and d = Sa-,rSkd2- If k ^ aj, then d = Sk+iSa-,rd2, contrary 
to d E Va- If k < ttj, then k ^ aj — 2 since Sk G &b- Thus, d = SkSaj,rd2, a 
contradiction again. Therefore, di G Vb, and di G ©6,(ai_)'- D 

Let Wij = Si+i,iSi_|_2,2 ■ ■ ■ ^i+j,j- Then Wij is the foUowing permutation 



(1.4) «;.,. 



1 ••• i i+1 ■•• i+j 
j + 1 ••■ j+i 1 ■•• j 



Let k he a non- negative integer. Define the /c-shifted elements s^J , wlj by setting 

(fc) , (fc) (fc) (fc) (fc) -I (fc) 1 -r • n 

s^j = s,+kj+k and w)/ = s;Vi,i^*+2,2 ■ ■ ■ ^i+j,j^ and Wij = w\J = 1, if « = or 
j = 0. Note that wlj is a permutation on {/c + l, ■ ■ ■ , /c+i+j}, and exphcitly, 

/^ rx (fc) _ / fc+l ■•• k+i fc+i+l ••• fc+i+j 

'^ '* '"'jj ~ I fc+j + l ■•• fc+j+i fc+l ••• fc+i 



Obviously, we have (s) J) — s) ■ and iw- • ) = w!;- • 

^5J J5^ ^)J J5^ 

For a = [tti] G A[to, r] with A = 0(a), let Wa G ©r be defined by 



(1.6) (fli-i + l)wa = r — tti + / for all z with a^-i < a^, 1 ^ / ^ a^ — a^-i. 

In particular, we have {ai)wa = r—ai-i if a^-i < a^. For example, for a = [0, z, i+j], 

Wa — Wij, and for b — [0, 2, 5, 9], 

_ /123456789 
'"'''" 1895671234 



(1.7) Lemma. For a = [a^] G A[rM, r] with A = 0(a), 

^^,=^^(0) , W^^-\ ^(A^+A 0...^(A +...+A3) 
^ (0) (a^-a^_l) ...^(""i~"2) 

am-l,am—0-m-l "m -2 idm- 1 — "m -2 ai,a2— ai' 



Proof. The result follows immediately from (1.4) and (1.5). D 

We list some properties for the elements Wa- First, Wa is distinguished and turns 
&a into ©a'- 

(1.8) Lemma. For any a = [a^] G A[rM,r], we /lave 
(a) w~^ = Wa' and Wa &T>a. Hence Wa G Va,a' ■ 
(h) w~^&aWa = &a'- In particular, w~^SjWa = ^(j)^^ for all j ^ 1 with j ^ a^. 

Proof. The first assertion in (a) follows from definition. Consider the root system $ 
of type Ar-i and its subsystem $„ whose Coxeter graph is obtained by removing all 
Oj-th vertices from that of $. For any Si G &r, there is a simple root a^ = e^ — Ci^i 
with Si = Son and w{ai) = e(i)^„-i — e(i_|_i)^y-i (see, e.g., [Hum]). From (1.6), we 
have {aj)wa = r — aj_i for aj-i < aj, and (z + l)tya = (^)w'a + 1 if z 7^ a^ for all 
1 ^ J ^ TO. Thus, zi;~^(Q;i) is a simple root. Therefore, w~^ stabilizes the positive 
root system of $„, and consequently, Wa G Va and hence Wa G Va,a'i proving 
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(a). Because w~^SiWa = S(^i^wa. ^ ®a' is a basic transposition, w~^&a'Wa ^ &a'- 
Therefore, by (a), w~^&aWa = ©a', proving (b). D 

We now look at the relation between Wa and Wa^. For a = [a^] G A[?b, r] with 
minimal index k such that ak = r, we have (see (1.2(c)) a-\ = [0, ai, ■ ■ ■ , afc_i, r — 

1, ■ ■ ■ ,r — 1] G A[m, r — 1]. Let a^ G A[m, r], i = 1, ■ ■ ■ , to, be defined by 

(1.9) fli = an + li, where 1, = [0, 0, ■ • • , 0, 1, ■ ■ ■ , 1] G A[m, 1]. 

i-l 

Then a^ G A[m, r] with ai :^ 02 !^ ■ ■ ■ !^ o,^ and a^ = a. 

(1.10) Lemma. Write a-\ = [60, ^i,--- , &m] ^ A[to, r — 1]. T/ien, /or any i, 

1 ^i ^m,Wai = Sbi + l,rWa^Sr,r-b,_i withl{Wai) = l{Sbi + l,r)+l{Wa^)+l{Sr,r-b,_i) ■ 

Proof. We prove {l)wai = {l)sbi+i,r'Wa^Sr,r-bi^i for every / with 1 ^ / ^ r. 

Assume that I ^ bi. Then there is a, j ^ i with bj-i < I ^ 6j. Write I = bj-i + 

I' ^ 6j. Then {l)Sbi + l,rWa^Sr,r-bi.i = il)Wa^Sr,r-bi^i = ((r " 1) - bj + l')Sr,r-bi_i 

using (1.6). Because r — 1 — bj +1' ^ r — bi-i for j < i and r — 1 + /' — 6i<r — 6^-1, 
we have 

[ (r — 1) — Oj + r II J = z. 

Thus, {l)Sbi + l,rWa^Sr,r-bi_^ = {l)Wa,- If / = 6i + 1, then {l)Sbi + l^rWa^Sr,r-bi.^ = 

r — bi-i = {l)wai- Assume / > 6^ + 1. Then there is a j with j ^ i and bj < 
/ — 1 ^ bj+i. Write I — 1 = bj + V . Because r — 1 — 6j+i + /' < r — 6i-i, we 
have {l)sbi+i,rWa^Sr,r-bi^i = (^ - l)«'aH Sr,r-6i_i = T - 1 - 6j+i + /'. In this case, 

/ = {bj + 1) + /' and {l)Wai = r - (6j + i + 1) + /' = {l)Sbi + l,rWa^Sr,r-bi_^- So 

w'tti = Sb^-^l^rWa^Sr,r-bi^l■ The length formula is obviously. D 
The elements Wa G &r and tya^ ^ ©r-i are related as follows. 

(1.11) Corollary. Let a = [ai] G A[?b, r] and suppose that k is the minimal 
index with a/c 7^ 0. Then, 

(a) Wa = Sak,rWa^ with l{Wa) = l{Wa^) + l{Sak,r)- 

(h) Wa' = W(^a^ySr,ak with l{Wa') = l{W(^a^y) +/(Sr,aJ- 

Proof. It follows immediately from (1.2)(d) and (1.10), or from (1.8) and (1.3). D 

2. Some zero divisors. Let W = W^ be the group defined in the introduction. 
Then W is the group with r generators {sq, si, S2, ■ ■ ■ , Sr-i} = S and relations: 

s}^ = si = 1, for all 1 ^ z ^ r - 1, 

SiSiJ^iSi = Si+iSiSi+i, for 1 ^ z ^ r - 2, 

SoSiSoSi = SiSoSlSo 

SiSj = SjSi, ifO^z^j — 2^r — 3. 

Let ti = So and ti = Si-iti-iSi-i, 2 ^ i ^ r. Then titj = tjti, t"^ = 1 for 
^ ^ hj ^ f and {ti I 1 ^ z ^ r} generates the bottom C. We will identify the 
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subgroup of W generated by{si|l^z^r — 1} with ©^. Note that the group 
W^ is the symmetric (resp. hyperoctahedral) group if to = 1 (resp. m = 2). 

A deformation of the group algebra of W has been given recently by Ariki and 
Koike [AK]. Let Rhe a, commutative ring with 1 and q, q~^, ui, . . . , Um G R. The 
Ariki-Koike algebra H = Hi^ = H^ associated to the group W is an associative 
algebra over R with generators Ti := Ts-, ^ ^ ^ r — 1, subject to the relations: 

(1) ToTiToTi = TiToTiTo, 

(2) TiTi+iTi = Ti+iT,Ti+i, for 1 ^ z ^ r - 2 

(2.1) <j (3) T,Tj=TjT,, if |z-j|^2 

(4) (T,-q)(T, + 1)=0, ifz^O 

(5) {To-ui)---{To-Um) = 0. 

Let Li = Tq and Li = ^"^Tj-iLi-iTj-i, 2 ^ z ^ r. Then LiLj = LjLi, 1 ^ i,j ^ 
r. The elements Lj, 1 ^ z ^ r, generate an abelian subalgebra of H. Since LJ" ^ 1 
in general, this subalgebra contains a proper submodule of rank \C\. So it cannot 
serve as a "bottom" of H. However, H is i?-free of rank \W\ with basis [AK]: 

(2.2) {Lf ■ ■ ■ L^/T^ \w e&r, and ^ c, ^ m - 1, Vz}. 

Let H be the subalgebra generated by Ti for all z ^ 1. For a Young subgroup &a, 
let 7i(©a) be the corresponding subalgebra. By (2.2), we have H = (BcL^'H, where 
c = (ci, ■ ■ ■ , Cr) and L^ — Ll^ ■ ■ ■ L'p' . Thus, for every such c, we have a projection 
map 

(2.3) pre : H ^ L'^U. 

The isomorphism from H to the algebra H°p opposite to H induces an anti- 
automorphism 

(2.4) t : H ^ H such that t(T,) = Ti. 
Clearly, i{Li) = Li. We need the following commutator relations. 

(2.5) Proposition. Let H be the Ariki-Koike algebra over a commutative ring 
R. Then 

(a) Ti commutes with Lj if j j^ i,i + 1. 

(b) Ti commutes with LiLi^i and Li + Lj_|_i. 

(c) Ti commutes with Y[j=iiLj ~ ^) /'^'^ all x E R and i ^ k. 

(d) L^ = Q-iT,_iLtiT,_i + (l-g-i)ES^?4-i'^-i ^fl<^<r andk^l. 
Proof. See [AK, (3.3)] for statements (a-c), and [MM, (3.6)] for (d) . D 

Following Graham and Lehrer [GL, (5.4) ] (or [DJM, (3.1)]), we define for a = 

[ai] e A[m,r], 

('2 6) f ^« = ^«i(^2)---vra^_i(wm), v^a = 7r„,(w^_i)---7r„^_,(wi), 

\ where 7ro(x) = 1 and na{x) = 11^=1 (-^j — 3:), Va > 0, x G -R. 
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Note that tTq = Ha^ if flm-i 7^ f and ttq,/ = T^{a^)' if ai 7^ 0. Also, if, for 
xu---,x^-i e R, we put n{a;xi,--- ,Xm-i) = T^a^ixi) ■ ■ ■7ra^_-,{xm-i), then 
Ha = n{a; W2, ■ ■ ■ , Wm) and na = n{a; Um-i, ■■■ , Wi)- 

(2.7) Corollary. (a) For a G A[?b, r], tTq and tTq, commute with any element in 
T-i{&a)- In particular, for any x E R, TVr{x) is in the centre o/H. 

(b) Assume aj-i < i ^ aj for some j . Then 

where 6 = [0, ■ • ■ , 0, afc, ■ ■ ■ , aj-i,aj - 1, • ■ ■ , a,n - 1] G A[m, r - 1] anc? T^j = T^ . ^. . 

Proof. The statement (a) follows from (2.5) (c). Noting that Tij — Ti ■ ■ -Tj^i for 
i < J, we obtain (b) immediately from (2.5)(a)-(c). 

We now prove the following useful result. 

(2.8) Lemma. For a,b E A[m, r], we have Ha'H.T^b' = and TVa'HiVb' = unless 
a ^ b. 

Proof. Using the anti-automorphism t of H in (2.4) and the fact b' ^ a' if and only 
if a ^ 6, we see that both assertions in (2.8) are equivalent. Therefore, we only 
need to prove Ha'H'Kbi — unless a ^ b. 

We apply induction on r. Let r = 1. If a 7^ b, then there is an i with a^ > bi. 
Since 6^, a^ ^ 1 for all i, we have bi = and a^ = 1. By (2.6), Y[T=i (-^1 ~ ^fc+i) = 
Il'k=i+ii^i ~ ^k) ( resp. nfe=i(-^i - ^k) ) is a factor of Tr^ (resp. yfb'). Therefore, 
T^oHiXb' = by (2.1)(5), and (2.8) is true for r = 1. Assume Ha'H.T^b' = for all 
a^b E A[m, r — 1] with a ^b. 

Let i and j be the minimal indices with bi ^ and a^ 7^ 0, respectively. Because 
6fc = for all k < i, 7r5^_bj,(wfc) = Uriuk), which are in the centre of H (see 
(2.7) (a)). Therefore, for any w G ©r, T^aTw'^'b' contains a factor rifcLi+il-^i ^ 
Uk)YYk=i{Li — Uk). By (2.1)(5), TTaTi-TTb' = unless i ^ j. On the other hand, 
take w E &r with iiaTwT^b' 7^ 0. Write w = dy with y G ©r-i and d — Sk,r for 
some 1 ^ k ^ r (see (1.3)). By (2.7)(b), iTaTd — hua^ for some /i G H. By (2.6), 

TTb' = TX{p^Y{Lr - Ui-i)---{Lr - Ui). So, TTaT^TTb' ^ implies 7ra^Ty7r(5^)/ 7^ 0. 

Now, by induction, a^ =^ &h, which implies a ^ b since i ^ j. □ 

3. Idempotents. In this section, idempotents e^ for all a E A[m,r] will be 
constructed under a certain condition. 

(3.1) Proposition. For any a E A[m, r], let Va = T^aTwa.'^a' ■ Then we have: 

(a) TiaHTTa' = i^a^(©a') = 'H{&a)va- Morcovcr, VaTi = T^^^^-iVa for any 

Si E &a'- 

(b) VaLi E VaH{&i) n VaH{&a') and LiVa E H{&i)va n H{&a)va for cvcry 
i = 1, ■ ■ ■ , r. In particular, VaLi = UjVa ifi = r — aj + 1 for some j with aj-i < aj . 

(c) TTaHTTa' = T^aHlla' • 

(d) faH = VaT-t- 

Proof. Let d E 'Da,a'- We prove T^aTaT^a' = unless d = Wa- Obviously, this result 
is true for r = 1, and assume that r > 1 and that the result is true for r — 1. By 
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(1.3), d = Si^rdi with di G ©r-i and i > a^, where k is the minimal index with 
a/c 7^ 0. If i > ttk, then there is an index j with aj-i < i ^ aj, j > k. By (2.7) (b), 

where b = [0, ■ ■ ■ , 0, afc, ■ ■ ■ , aj_i, a^ — 1, ■ ■ ■ , a^ — 1] E A[?n, r — 1] and b ^ a^. 

By (2.6), TTa' = 7r(aK)'(^r " Wfc-i) " " " (^r " ^i)- We have TibTd^Ttf^a^y = by 

(2.8). So TTaTdTTa' = 0, a Contradiction, proving i = a^. From (1.3) (b), we have 
di € 'C'aK,(aK)'- Because 

T^aTdT^a' ={Lak " % + l)X2fc,afe + i (-^/afc+i — 'U'fc+2) ' ' " (-t'a,„_i — Wm)^!^^! ,a™ 
7raK^di7r(ai-)'(-^r " Wfc-l) ' ' ' {Lr - "Ul), 

we have 7rQ,|_Trf^7r(a^)/ 7^ 0. By induction, di = Wa^, and therefore, d = Wa by 
(1.11). Now, the first assertion in (a) follows immediately from the &a-&a' double 
coset decomposition of &r- 

For notational simplity, we write 

By (1.8), we have haTi = T^^^-iha for every Si G ©a'- Therefore, VaTi = 
TTahaT^TVa' = T^aT^^-^^^ihaTTa' = T(^i)w~^'^a, proviug the secoud assertiou in (a). 

To see (b), we first treat the case i = a^ — aj + 1 with j minimal. Then 
ttj > ttj-i, and b — [ao,ai, ■ ■ ■ ,aj-i,aj — 1, aj_(_i, ■ ■ ■ , a^,] G A[m,r]. Obvi- 
ously, b )^ a. By (2.8), TiahaT^b' = 0. By (2.6), we have lia'Li = TVi,f + UjWa', 
where b' = [0, a^ - a^n-i, ■■ ■ ,am - a^-i, a^n - (a^ - 1), ■ ■ ■ , a,n - ai, a^]. Thus, 

VaLi = TTahaTVb' + UjVa = UjVa- NoW, aSSUme l ^ ttm — ttj + 1, 1 ^ J ^ TTl. 

Then there is a /c with am — afc + 1 < i ^ am — cik-i- Write i = {am — 
afc + 1) + /. Then Li = Q-^T,,„,„_a^+lLa^_a^+lTa^_afe+l,^. By (a), VaL, = 
Ukq~^VaTi^a^-ak+iTa^-ak+i,i ^ VaH{&i) H VaH{&a')- By a Symmetric argument, 
one can prove LiVa G 7i{&i)va H 7i{&a)va- 

By (b) and (a), LiVaH{&a') ^ H{&a)va'H{&a') = VaH{&a') for every i = 
1, ■ ■ ■ ,r. Thus, (c) follows immediately from (2.2). 

For arbitrary VaT^ G VaTi. with w G &r, write w = dy with y G ©{2,--,r} and 
(i G &r/&{2,-,r}- Then (i = s^^i with 1 ^ z ^ r. By (b), VaT^To = VaTi^iT^Ty G 
tJaTi. Thus, Va'H is stable under the right action of Tq, and faH = faTi. D 

RecaU from (2.7) that T^j = T^, . for z ^ ^ j. For a G A[m, 0], let t'a = 1- 

(3.2) Lemma. Let xi,--- jXm-i be elements in the commutative ring R and 
a G A[?n, r] with ai ^ 0. Then there is an integer c depending on a such that 

is in the free R-suhmodule spanned by {L^^ ■ ■ • L'p'T^ \ w G ©r, Cj < m — 1, Vj}. 
Proof. Let ^/^(l^z^m — l)be the free i?-sub module spanned by 

{Ll^ ■ ■ ■ L^/T^ I we 6{„^,„^+i,...,^},Cj- <m-i,Vi}. 
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We claim that, for any i = 1,- ■ ■ ,m — 1, 

(3.3) Ta^^arr,-iiLa^_i - Xm-l) ■ ■ ■Ta^^^,aiiLa^ - Xi) - q^L^ ""T^^^^^ E Ui- 

Apply induction on i. The result for i = m — 1 is true since T^^ a^_^(La^^_^ — 
Xm-i) = q""^""'"-iL„^T-J_^ „^ - Xm-iTa,„,a^.i- FoT i < 171 - 1, we have, by 
induction, 

-'■am,am-i [-l^am-i ~~ Xm-l) ' ' ' J-ai+x,ai [^ai ~ Xi) 



^{q'^Lr-'T-' + h)Ta^^„a.{La. 



i + 

^c T m — i — lrp—l 



Xi 



—q L^ l^^^_^^^^laij^^,ai\J^ai Xi) + 111 ai^i,ai[^ai Xi) 

for some h G t/^+i. We may assume h = L^^ ■ ■ ■ L^^'T^ with w G ©{a^+i,--- ,r} 
and Cj < m — {i + 1), Vj, without loss of generality. Write w = Sk^ai+^V with 
y e e{„,^,+i,..,,} (cf. (1.3)). Then T^T„,^„„, (L„^ - x,+i) = q'^-'^^L^T-^.Ty - 
Xi+iTk,aiTy. Thus, we have hTai+^,ai [Lai - a^i+i) G Ui. Noting qT~^ =T^-{q-l) 
and L'^-^-^Tr^ai+rTai^^^aiLai = q''~"'' L^^'^T-^^, we may write 

-^r * ^ai+i,a^^ai+l,ai(-^ai ~" Xi+l) = q"" L^ ''Ta^,r + ^ 

for some h' G Ui and c' G Z. Therefore, (3.3) holds for z, proving the claim. Now, 
the required result follows from the case i = 1. D 

(3.4) Theorem. Let H be the Ariki-Koike algebra over R. For any a G A [to, r], 
VaH- is a free R-module with basis {vaTw \ w G &r}- 

Proof. For h = (to — 1, ■ • ■ , to — 1), let prh be the projection defined in (2.3). First, 
we prove 

r 

(3.5) prH{va) = q'l[LY-'h-} 

for some integer c E 7^ depending on a. We prove (3.5) by induction on r. Obviously, 
the result is true for r = 1. Assume now that r > 1 and that (3.5) holds for r — 1. 
For a G A[to, r] with minimal index k, ak = r, recall 

a' = [0,0, ■■■ ,0,r-afc_i,--- ,r-ai,r], 

an = [0, ai, ■ ■ ■ , afc-i, r - 1, ■ ■ • , r - 1], 

(an)' = [0, • ■ ■ , 0, r - 1 - afc-i, • ■ ■ , r - 1 - ai, r - 1], and 

TTa = TTa^ (-^r - Wfc+l) ■ ■ ■ (L^ - -Um)- 

Then, noting from (1.10) that Wa = Wa^ = 'Wa^Sr,r-ak-n we have 

Va =^'a^ (-^r - Uk+l) ■ ■ ■ {Lr - Um) 

-l-r,! — ai [-'^r — ai ^ij ' ' ' -'-r — ak-2,r — ak-i [-'^r — ak-i ^k — l)- 
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Thus, applying (3.2) to [0, r — a^-i, ■ ■ ■ , r — ai, r, ■ ■ ■ , r], we have 

where C2 G Z, /ii G Ui (see the proof of (3.2)). On the other hand, by in- 
duction, we have, for some integer ci, Va. = q'^^ V\h i L^~^h7^ ^ + /i, where h 

"' "'■■'■J -'- J \^-\ ) 

is a hnear combinations of elements L^^ ■■■L^'^S^Tyj with w G ©r-i- Since Lr 
commutes with any elements in HJ!^^, we have prh{q^^ 11^=1-^7'" ^(a )'^i) ~ 0' 
prh{hq^^L'^-^T-J:_^J = andpr,,(/i/ii) = 0. Therefore, (3.5) holds (cf. (l.ll)(a)). 
Now we are ready to prove that the set {vaT^ \ w E &r} is linearly independent. 
Suppose Xliuee ^w^aTw = 0. Then, by (3.5), there is a c G Z depending on a such 
that 

Because h~} and q are invertible, we have c^y = for every w G ©^ by (2.2). 
Therefore, {vaT^ \ w G 6^} is a linearly independent set. By (3.1) (d), Vaii — Va'H. 
Thus, Vaii- is a free i?-module with basis {vaTyj \ w G &r}- D 

(3.6) Proposition. Let a G A[m,r] and write Vaha'Va = VaZa' = ZaVa, where 
Za G H{&a) cind Za' G 7i(6a')- Then Za (resp. Za' ) is in the center of the algebra 
Hi&a) (resp. n{&a')) 

Proof. The existence of Za and Za' follows from (3.1a,c). We need only to prove 
that Za' is in the center of 7i{&a')- One may prove that Za is in the center of 
T-C{&a), similarly. 

Let Ti G H{&a')- Then i ^ a^ — Uj for 1 ^ j ^ m. By (3.1)(a), Vaha'VaTi = 

Vaha'T(^i)^-iVa = VaTika'Va = T^^^-iVaZa' = VaTiZa' ■ Therefore, VaZa'Ti = 

VaTiZa' ■ By (3.4), Za'Ti = TiZa' ■ So, Za' is in the center of 7i(©a')- ^ 

(3.7) Corollary. We have T^^Za' = ZaTy^^- 

Proof. By (1.8), we may write T^^Za' = zT^^ for some z ETC. Then VaZa' = zva, 
and hence ^ = Za by (3.4). D 

(3.8) Corollary. For a G A[m,r], VaiiVa = VaZa'H{&a') = Ti{&a)zaVa- 
Proof. Let l be the anti-automorphism of H defined in (2.4). By (3.1a), we have 

T^a'TiTTa = iiT^aTLlla') = i{'H{&a)Va) = T^a'ha'T^aTti&a) ■ So, 

VaiiVa = VaHVa = Tlaha {T^a'TLlla) haT^a' 
= T^ahaT^a'ha'T^a'H{&a)haT^a' 
= Vaha'VaHi&a') = VaZa'Hi&a')- □ 



(3.9) Proposition. Let a G A[m,r]. Then the following are equivalent: 
(a) Za (equivalently Za') is invertible. 
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(b) Ca = Vaha'Z~^ is an idempotent. 

(c) VaH- is a projective right H-module. 

Proof. Let J = Vaii- By (3.1)(d), we have J^ = VaZa'Ti.. By (3.4), the map from 
H to VaTi- sending h ^' Vah for h E H is injective. Therefore, J^ — J ii and only if 
Za'Ti. = 7i, which is equivalent to say that Za' is invertible. 

If J is projective, then J = eH for some idempotent e G H, and J = J^. So, Za', 
and hence Za, is invertible. Now, assume Za is invertible. Putting Ca = Vaha'Z~^ 
and recalling ha' = T^^, , we have 

el = Vaha'Z~^Vaha'Z~^ = Vaha' Z~'^TVahaT^a'ha' Z~'^ 
= Vaha'naZ~^hana'ha'Z~^ 
= Vaha'VaZ~}ha'Z~^ = Vaha'Z~^ = €«. 

Thus, Ca is an idempotent and J = Vaii = CaH. Therefore, Vaii is projective. D 

(3.10) Proposition. Let a,b E A[m, r] and assume that Za.zi, are invertible. 
Then eaiiet = unless a = b. Moreover, we have CaHca = 'H{&a)- 

Proof. By (2.8) and (3.1) (c), Vaiivb ^ implies a ^ 6 and a' ^ b' . So a = b. The 
second assertion follows from the following equality: 

CaHCa = VaiiVaha' Za'-^ = Va'H{&a')ha' by (3.8) 
^Vaha'n{&a)=n{&a). □ 

(3.11) Corollary. Assume that Za are invertible for all a G A[rM, r] and let 

£ = Ea6A[m,r] ^a • ^hen sUe = ©a6A[m,r]^(<3a) • 

Proof. The result follows from (3.10). D 

4. The Poincare polynomial of VF. To generalize the Morita equivalence 
(1) given in the introduction, we need two more ingredients: First, we want to 
know when the hypothesis in (3.11) holds. This leads to the introduction of the 
Poincare polynomial of the bottom. Second, we need to prove that the direct 
sum ©a6A[m,r]^aH is a projective generator for the category H-mod. The latter 
requires that R is an integral domain. 

(4.1) Lemma. For Vi = (0, ■ ■ -0, r ■ ■ ■ ,r) G A[m,r], let Zr'. G &r'. defined in 



i-l 



(3.6). Then Zr'=]\i<^j<;^m]X'k=i{uiq^ ''Tk^iTi^k 



u 



JT^i 



'3> 



Proof. Since w^-i = 1, we have hr^ = T^^ = 1. It follows from (2.1) (5) and (2.7) (a) 
that 



,2 



n llin^Q^~''Tk,lT^,k 



l^j^m k=l 



On the other hand, by (3.6), we have v'^. = Vr^Zr'.- Now, the result follows from 
(3.4) immediately. D 
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(4.2) Definition. For positive integers m, r and i = 1, ■ ■ ■ , m, let 



r-l 



Jm,r,i Jm,r,i\'^lj ' ' ' ^rm Q) 11 11 \'^iQ 



-Uj), 






/m,r = /m,r(Wl,--- ,'Um,?) = JJ JJ JJ [UiQ^ - U 

i=l j=i+l k=l — r 



m — 1 m 1 — 1 

(o, .n^ _ 01 



We stiall see below tiiat tiie polynomial fm,r can be viewed as the Poincare poly- 
nomial of the bottom C. Let d^^ be the Poincare polynomial of &r, i.e., (Iq^ = 
'^wee q''^^\ then the polynomial dw = fm,rder is called the Poincare polynomial 
of the complex reflection group W. 

(4.3) Proposition. Maintain the notation introduced above. The element Zr'. is 
invertible if and only if fm,r,i is invertible in R. 

Proof. By (4.1), we see that the invertiblity of z^i is equivalent to the invertiblity 

of hij = Y[k=ii'^iQ^~'^'^k,iTi^k — Uj) for all j 7^ i. By [DJ2, (4.3)], we see that, if R 
is a field, then hij in invertible if and only if fm,r,i is invertible. The general case 
follows by an argument similar to the one for [DJ2, (4.5)]. D 

We need some preparation in order to get the main result of this paper. As 
before, we assume that R is a, commutative ring (with 1). For any a G A[m, r] and 
xi, ■ ■ ■ , Xm-i G -R, recall the element defined after (2.6) 

n{a) = n{a;xi, ■ ■■ ,Xm-i) = 7ra^(xi) ■ ■ ■ 7ra^_i(a:m-i). 

Write 7r(a) as a polynomial in Lj. The degree of this polynomial is denoted 

deg,(7r(a)). 

(4.4) Lemma. Maintain the notation above and assume xi, ■ ■ ■ , Xm are a per- 
mutation of ui,--- jUm- For a G A[?7i,r], the right ideal 7r(a)H is spanned by 
Ba = {7^{a)Ll' ■ --L'/T^ I w G 6„ deg^- 7r(a) + c, ^ m - l,Vj}. 

Proof. Let Ma be the i?-submodule spanned by Ba- Then Ma C 7r(a)H. Since 
7r(a) G Ma, it suffices to prove that Ma is a right H-module, or equivalently 

MaTo C Ma. 

For ii{a)L'!^ ■ ■ ■ L^/Ty, G Ba- We write w = Si^iy with y G &{2,---,r} (cf. 
(1.3)). Since Ma is a right 7i- module and ToTy = TyTo, we only need to prove 
iv{a)Ll^ ■ ■ ■ L'p'Ti^iTo G Ma, which is equivalent to 

(4.5) Ti{a)Lf ■ ■ ■ L^/L, G Ma for every l^i^r. 

If ajn-i = 0, then 7r(a) = 1 and 7r(a)H = H. By (2.2), (4.5) holds in this case. 
We now assume am-i 7^ 0. Apply induction on i. The last relation in (2.1) implies 
(4.5) for i = 1. (If degi{7T{a)) + ci + 1 = m, then 7r(a) contains part of the product 
in (2.1)(5) involving parameters Xi,--- ,Xm-i- Write L^ = H/cl-^i ~ '^ik) + 
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Xlj^ci <^i-^i' where {wi^} = {xi, ■ ■ ■ ,Xi-i,Xm}- Now, (2.1) (5) implies (4.5) in this 
case.) 

We assume now that i > 1 and (4.5) holds for all Lj with j < i. The case for 
degj 7r(a) + Q < m — 1 is trivial. Suppose degj 7r(a) + q = m — 1. Let k be the 
integer with ak-i < i ^ ak- Then, degj7r(a) =m-k and TTaj{xj)Ti^i = Ti^iTTa^ixj) 
for all j ^ /c. On the other hand, by (2.5) (d) and induction on i, we have for some 
c 

(4.6) Li-q-T,,iL[T^,,eU,,i 

where Ui^i is the free i?-submodule spanned by {L-^^ ■ ■ ■ L^^T^ \ Q ^ dj < l,yj ^ 
i,w G &i}. In particular, L'^ — q^Ti^iL^ Ti^i + h for some c and h G Ui^a+i- 
So we have 

7r(a)L-.--L^r^L-L^-..L-L, 

=7r(a)L-..-L^r^L-+iL^-.-L- 

=7r(a)L^^ ■ ■ ■ L^l- (q^T,,iL?+1Ti,, + /i)L^;Y ■ ■ ■ L^'' 

=Q%(a)Lji ■ ■ ■ L,^lYT,,iLj^+iTi,,L^;Y ■ ■ ■ L^:'' 

+ 7r(a)L^^-..L^lY/iL^;Y---i^::'- 
=Xi + X2 

We now prove that each of the last two terms Xi above is in Ma- For h = 
L^^ ■ ■ ■ L^^T^ G Ui^a+ii we have T^Lj = LjT^ for all j ^ i + 1 and di < Ci + 1, 
and so, deg^7r(a) + di < degj7r(a) + q + 1 = m. On the other hand, we have, 
by definition, deg 7r(a) + Cj ^ m — 1 for all 1 ^ j ^ m. Therefore, by inductive 
hypothesis, 

7r(a)L- • ■ ■ L^lY (L^ ■ ■ ■ L^ T^)L^;Y ■ ■ ■ i^^:'- = 7r(a) J] ^^'^ ^f H ^?^- ^ ^- 

This proves X2 G M^. 
Since i ^ afc, we have 



-1 fc-l / m-l 



^1 = n^? n ^«.(^^) ^M n ^a,(x,)L5^+^T,,i n ^? 

i=i j=i y j=k j i=i+l 

= Xii(Xi2)Xi3. 

where X\\ (resp. X13) denotes the first two products (resp. last product) and 
X\2 denotes the element in the parenthesis. As in the argument for z = 1, 
-^?^ n^fc '^aj (xj) is an i?-linear combinations of L[ Y[T=k "^"j i^j) with / < Q + l, 
while, by (4.6), L\ - T,^^L\T^^, = h E U,,i. Thus, T,,i4 [17="^' ^a, (^,)T,,i = 
Y[T=k ^aj{xj)L[ + Y[T=k '^aj{xj)h. Hence Xi can be expressed as a linear com- 
bination of Xii(njL'fc T^a,{xj)L\)Xis and Xudl^Jk ^aj{xj)h)Xis, where / ^ Ci 
and h G t/^,;. Since / ^ q, we have clearly -^iidl^fc ^a^ (a^jO-^D^is ^ ^a- By 
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inductive hypothesis, we have Xii{TTa {xj)h)Xi3 G Ma, too. Therefore, Xi G Ma, 
proving (4.5). D 

For a = [tti] G A[m,r], let a^ be defined as in (1.9). Recall ha = T^^- 
(4.7) Proposition. For a G h.[m,r], write a^ = [bo,--- ,bm] as in (1.10). Let 

Vi = TTa^ha^Tr^r-bi^^T^a'ii- 

Then 

(a) Vi = Va^a and Vm = i'a,„H. 

(b) The set Bi = {TXa^ha^Tr,r-bi^xT^a'.L'^-bi_^Tw \ c ^m — i,w E &r} is a basis 
of Vi. In particular, the rank of Vi is {m — i + l)rl. 

(c) Vi+i is a pure R-submodule ofVi. 

Proof. We first note that bi = ai,l ^ i ^ k — l,bi = r ~ l,k ^ i ^ m, where k is 
the minimal index with a^ = r. Note also from (1.9) and (1.2) that 

a'l = [0, ■ ■ ■ , 0, r - ttk-i - 1, ■ ■ ■ , r - ai - 1, r] 
(an)' = [0, ■ ■ ■ , 0, r - au-i - 1, ■ ■ ■ , r - ai - 1, r - 1]. 

Thus, Tia' = T^{a^y by definition (2.6), and Vi = Va^H- Because ha^Tr^r-b^-i = 
ha^ (see (1.10)) and TTa^ = iia^, we have V^ = Va^H, proving (a). 

For (b), we first prove that Bi spans Vi. Let F/ be the submodule spanned by 
Bi. Applying (4.4) to Tf^'H, it suffices to prove 



(4.8) na,ha,T,,r-b.^,na'L'^---i:;Z:::'---L^ G V. 



I •> 



where Cj ^ m — 1 — deg^ Tr^' , Vj. Since deg^_^^_^ tTq,/ = z — 1, we have, in particular, 
Cr-f,i_i ^m-i. 

We first look at the elements iVa-iha-iTr^r-bi^i'^a'.Lj with j j^ r — bi-i. Suppose 

j < r - bi-i and write Tr^r-bi_^T^a[ = Tr,r-bi.iT^{a^y{Lr-h^ -Ui)--- {Lr-h,_^ - 
Ui-l) = TTi^a^yhi, where hi = Tr,r-bALr-bi -Ul) - - -Tr-bi_2,r-bi_ALr-bi_i -Ui-l). 

Then Ljhi = hiLj and hiTi = Tihi for all si G &j. Thus, by (3.1) (b), 

(4.9) T^a^ha^Tr^r-bi^iT^a^Lj = Va^Ljhi G Tla^ha^Tr^r-bi^^T^a'P^i^ j) ■ 

Suppose now j ^ r — bi-i + 1. Choose / such that r — bi + l^j^r — bi-i. Then 
I ^ i — 1 and / is the minimal index having property bi = bi-i. Using definition (2.6), 
we have 7Va'^{Lr-bi+i - m) = tvc', where c = [0,6i,--- ,bi-i,bi - l,bi+i,--- ,bm] + 
li G A[m,r] (see (1.9)). Since TVa-i = T^am ^^'^ ^m ^ c (siS I < i), we have, by (2.8) 
that TTa^ha^Tr^r-bi^i'^a'iLr-bi+i — Ul) = 0. Therefore, for some c, 

(4.10) T^a^ha^Tr^r-bi^^T^a^Lj = Uiq''-Ka^ha^Tr^r-bi.^T^a'Tj,r-bi + lTr-bi+l,j- 

Now, noting (2.5)(a), we see that (4.8) follows from (4.9) and (4.10), since the 
elements in 7i(6j) occurring in (4.8) and the element Tj^r-bi+iTr-bi+i,j occurring 
in (4.9) commute with Lj+i and Lr-bi^i- 

To see the linear independence, we apply induction on i. For i = I, suppose 

/ ^ fc,wUa-tL^Tyj — 0. 
O^c^m-l 

wE&r 
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Since prh{va^) = Q^YYj^i L^~ hT y for some d G Z, depending on a-\ (see (3.5)), 
we have 

Pfc{ 2_^ fc,wVa^L^Tw)=q 2_^ fc,wLi ■ ■ ■ L^_^ L^h^^^yTw = Q, 

O^c^m— 1 wE&r 

WE&r 

where c = (m — 1, ■ ■ ■ , m — 1, c). Thus, fc,w = for all c and w, since both q and 
h7 V are invertible. Therefore, Bi is a basis of Vi. 

We assume now that Bi is a linearly independent set. We hope to prove that the 
set i3i_|_i is linearly independent, too. Using induction on /, we can easily prove 

Ta,bLi = q^'-^LlT-^ + terms involving L^^ ■ ■ ■ Ll'T^ for a ^ 6 



where w G ©{5 ;,+i ...„]. and all c^ < /. Using this and noting tTq' = ii'aiiL 



r—bi 



Ui), we have 



'^a-i ha-i Tr^i — bi '^a'.^-^ ^r-bi ^w 

(4.11) =q'''-''-'l^a,ha,Tr,r-b.,,^a'Llti_T;X^^_,^_T^ + 

+ terms involving -Ka^ha^Tr,r-bi^iT^a'L[_i,._^T:,, 

where / < c+1 and z G &r- By induction, Bi is a basis oiVi. Because Tr-hi,r-bi^i is 
invertible, the set {7Va^ha^Tr^r-b,^iTi^a'.L'^-bi_i'^^\,r-b,_i'^w \c^m-i,w e &r} 
is linearly independent in Vi. Therefore, the condition / < c + 1 in (4.11) implies 
that Bi^i is linear independent. This completes the proof of (4.7) (b). 
We now prove the purity in (c). Since 

'^a^'T'a^-'-r,! — bi'^a'.,, '^a^'^a^-'- r,r — bi^i^'^ a'.''-r — bi^\,r — bi\^r — bi '^ijj 

Fi+i is a submodule of Vi. Write h = Y. fc,wi^a^ha^Tr,r-b,T^a'.^^Ll_^^T-w for h G 
Vi-i-i. To show that V^+i is a pure i?-submodule, we need to show that x E R 
divides any of fc^w if /i G xVi. We prove it by induction on cq, the highest degree of 
Lr-bi in the expression of h. Since Bi is a basis of Vi and q is invertible, x divides 
fco,w by (4.11). Thus, h -Y, U^co^bhbTr,r-biTi^a[^^L^r-bi'^w e xVi. Now, the result 
follows from induction. D 

From here onwards, we assume that R is an integral domain. 

(4.12) Lemma. Keep the notation above. We have short exact sequence 

^ V+i ^V^ Va^H. -^ 0. 

Proof. Let 

m 

hi = {Lbi + 1 - Ui+l)Tbi + l,bi+i + l ■ ■ ■ {Lbf,^l + 1 - Uk)Tb^_^+l,r [[ {Lr-ui), 

l=k+l 
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where, as usual, k is the minimal index such that a^ = r. Then, by (2.5)(a)-(c), 
we have hiiXa^ = T^aiTb^+i^r- Define t(ji : Vi ^ Va.ii by setting t(ji{h) = hih, 
h G Vi. Note that V'i is well-defined by (1.10), and clearly, V'i is surjective. Because 
tti >- fli+i, we have V^+i C keripi by (2.8) and (3.1)(c). By (3.4) and (4.7)(b), we 
have dimFi = dim Vi+i + dimt^a^H, forcing Vi+i = keri/^i over the quotient field F 
of R. However, by (4.7) (c), V^+i is a pure i?-submodule of Vi. Thus Vi+i — keri/^i, 
proving the required short exact sequence. D 

(4.13) Lemma. Let a = [ai] G A[m, r] and write a-\ = [bi]. Assume k is the 
minimal index with au = r. Define 

m 
Vi = 7ra^ha^Tr,r-b,^lT^a[ Y\. ^Tr-fei^i (Wj)H, /or Z = /c, ■ ■ ■ , m - 1. 

If fm,r is a unit in the integral domain R, then we have Vi = Vi+iQ)Vi and Vi = foiH 
for all i = k,- ■ ■ ,m — 1. 

Proof. Let tpi :Vi ^ VaiH,z ^ /c, be the H-module homomorphism defined in the 
proof of (4.12). Then, '(pi{Vi) = fa^ IljLi+i ^r- &,_i(wi)H. By (3.1)(b), we have 
Va.Li = UiVai for aU i > k. Also, for j < r - ak-i, Sj G &a'^. So Va^Tj = Tj'Va^ 
(see (3.1)(a)), and hence, Va,,Li = UkQ^'^Va^^Ti^iTi^i for aU / = I,--- ,r - bk-i, 
noting ttk-i = bk-i. Therefore, we have 

m m r—bi^i 

MVi)=va, n ^r-b,_i(wj)H= va, n n (9^"^wj^i,i^i,i-%)H. 

Since H^i+i YVi=i^'^ i^^~'"^i'^i,i'^'i-,i~'^j) ^^ ^ factor of z^', (see (4.1)), and fm,r G R 

is a unit, n[=i'~^(?^~^^i^;,i^i,' " '^j) is invertible by (4.3). Therefore, V'i(^i) = 
Va^a. Thus, by (4.12), the rows of the following commutative diagram 

^ V-+1 ^ V + V+i ^ Va^H ^ 

II i II 

^ V+i ^ V, ^ Va^H ^ 0. 

are exact. So the short-five lemma implies Vi + Vi+i = Vi. On the other hand, 
consider the element x = Tia'. Y[T=i+i'^r-bi^i{uj) and the multiplication xLr-bi_i- 
Clearly, x has a factor (Li—ui) ■ ■ ■ (Li —Ui-i){Li—Ui+i) ■ ■ ■ (Li—Um)- So, if z > /c, 
then r — bi-i = 1, and hence, xLi = UiX, while, for i = k, we have xTr-bi,_^,i = 
Tr-bk^i,ix and consequently, xlr-b^^i = (fUixTr-b^^^^^iTi^r-bk-i- Therefore, by 
(4.7)(b), Vi is spanned by {-Ka^ha^Tr,r-b,^iT^a'.]Xj=i^iT^r-b,.A'^j)Tw \ w G ©^}, 
which is linearly independent, since its image under the homomorphism il)i is lin- 
early independent. Hence, Vi is i?-free of rank r!, forcing the sum Vi + Vi_|_i is a 
direct sum, i.e., Vi = Vi® Vi+i, and consequently, Vi = VaiH. □ 

We now prove the main result of the paper. The case when H is the Hecke 
algebra of type B was first obtained in [D J2] . 
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(4.14) Theorem. Let H = HJ!^ he the Ariki-Koike algebra over an integral 
domain R. Assume fm,r E R is a unit. 

(a) For every a G A[m, ri] with ri ^ r, the right ideal Vaii is projective. 

(h) For any given ri ^ r, each projective indecomposable H-module is isomorphic 
to a direct summand of Vaii for some a G A[m,ri]. 

(c) The categories ofH-modules and (BxeA{m,r)'H{&\)-fnodules are Morita equiv- 
alent. 



Proof. For ri ^ r, H is free over HJ^. So the functor — ®h"'i H is exact. Therefore, 
it suffices to prove (a) for ri = r. 

We apply induction on r. For r = 1, we have a = Vi for some i. By the 
invertibihty of fm,r, (4.3) and (3.8), we see that Vaii is projective. Assume now 
that r > 1 and the resuh holds for r — 1. We now prove the projectivity of Vaii 
by downward induction on the partial ordering )p. If a = ri = [0, r, ■ ■ ■ , r], the 
maximal element of A[m, r], then faH is projective by (4.3) and (3.8). Suppose now 
that Vi >~ a and that VbH is projective for all b y a. Let a-\ and a^, 1 ^ z ^ to be 
defined as in (1.2) and (1.9), and k the minimal index with ak = r. Then k ^ 2 and 
ttk — a. By induction, Va H, I ^ j ^ k — 1, are projective, and Va^H. is projective. 
Using the short exact sequence in (4.12), we have Va^H = (BjZlvajH © Vk and 
hence, Vk is projective. By (4.13), we have V^ — Vk+i © Va^H, and consequently, 
Vaii = Va^a is projective, proving (a). Note from (4.7) and (4.12-3) that we have 
for any r > and a G A[m, r] 

(4.15) Va,n^(BT=iVa,ii- 

To see (b), we apply the tensor functor — ©j^'-i H to (4.15) and obtain, for 
1 ^ ri ^ r and a G A[m, ri] 

Va^li = (BjLlVa,ii, 

from which (b) follows. 

Putting ri = r in both (a) and (b), we see that the H-module ®aeA[m,r]Vaii is 
a projective generator. By standard results (see, e.g., [CR, (3.54)]) the categories 
of H-modules and eHe-modules are Morita equivalent (cf. (3.11)). D 

5. Some applications. We first recall the notion of multi-compositions and multi- 
partitions of r. By definition, A = (A*-^-*,--- ,A*^"^'') is called an rM-composition 
(resp. TO-partition) of r if A'*-* is a composition (resp. partition) for every i with 
1 ^ i ^ m and |A| = Xli^li l-^'^*'*! = ^- Recall that A(?i, r) (resp. A(?i,r)+) is the 
set of all compositions (resp. partitions) of r with n parts, and let, for to > and 
fx = (/Ui,--- ,/Um) e A(m, r), 

A(n, n) = K{nr, ^i) x ... x A{nr, Hm-i) x A(n, //^) 
A^(n, r)= y A(?i,//) 

liEA{m,r) 

where n^ is the maximum of n and r. Define Am(n, r)+ similarly. The set Am(n, r) 
can be identified with A(A^, r) by concatenation, where A^ = (to — l)nr + n. To 
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distinguish them, for A G A^(n, r), let A denote the corresponding element in 
A{N,r). 

For A G Am,(n, /u), let a = [ao, ■ ■ ■ , am] be the cumulative norm sequence of A, 
denoted cns(A), where ao = and ai = ni + ■■■ + Hi for 1 ^ i ^ m. Let e be the 
minimal integer / such that 

1 + q + q'^ + --- + q^~^ = 0. 

If such an integer / does not exist, then set e = oo. A partition A is called e- 
regular if A has no non-zero part occurring e or more times. An m-partition A = 
(A*-^-', ■ ■ ■ , A*-"^-*) is e-regular if each A*-*-*, 1 ^ z ^ m, is e-regular. 

Let Tip be the Hecke algebra of type Ar-i over a field F, in which g is a primitive 
e-th root of 1. Let S^ be the Specht module with respect to A. Then, by [DJl], 
S^ has simple head D^, if A is e-regular. (Note, for e > r, D^ = S^.) For a multi- 
partition A = (A^i), ■ ■ ■ , A^"^)) of r with cns(A) = a, let S^^'^ ■ ■ ■ S^^^^ (= ®^i5^*'' ) 
be the corresponding Specht module for Hpi^a), and let 5"^ be the right ideal 
CaS^^'^ ■■■S^^^^^Uf of Hf. By (4.14)(c), we know that the H-module S^ and 
eHe-module S^e have isomorphic submodule lattices. Since S^e = S^ ■ ■ ■ 5"^ 
and the latter has simple head if A is e-regular, so is 5"^. Let D^ denote the simple 
head of S^. The following is an immediate consequence of (4.14) (c) (see [DJ2, (5.3)] 
for the case m = 2). 

(5.1) Theorem. Let F be a field and fm,r 7^ in F. Then the set 

{D I A G A^(r, r)"*" e-regular} 
is a complete set of simple 'Rp -modules. 

The following result has been proved in [Ari]. Recall the Poincare polynomial 
dw introduced in (4.2) 

(5.2) Theorem. Let H^? he the Ariki-Koike algebra over a field F . Then Rp 
is semisimple if and only if dw 7^ 0. 

Proof. Note that dw 7^ is equivalent to fm,r 7^ and e > r. By (4.3), we have 
fm,r 7^ if and only if fm,r,i 7^ for all i. If fm,r 7^ 0, then the categories of 
H-modules and eHe-modules are Morita equivalent. By (3.10) and [DJl, 4.3], eHe 
is semisimple if and only if e > r, proving the "if" part. Conversely, it suffices to 
look at the case fm r — 0- Then f^, ^ r = for some i, and z^' is not invertible. 
Therefore, Vr'.H is not an idempotent ideal by (3.9). Thus, H is not semisimple. D 

We finally look at a Morita theorem between g-Schur"^ algebras and g-Schur 
algebras (i.e., the g-Schur^ algebras). For any A G A^(n, r) with cns(A) = a, let 

(5.3) Lemma. Let R be an integral domain and assume that fm,r & R is a unit. 
For any A G Am{n, r) with cns(A) = a, we have eaX\H. = CaXxH- 

Proof. Since tToH C H, we have CaXxH C CaXxH- By (1.8), (3.1)(a) and (3.6)- 

(3.7), we have CaX^ = Vaha'Z'^X^ = Vaha'X^Z'^ = Vahha'Z~^ = XxVaha'Z~^ = 
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XxCa, where h G 7i(©a') given by hha' = ha'X^- Thus, eaXxH = x^eaTTaH = 
XxVaha'T^aii ^ XxVaha'Vaii = x^VaZa'ti = a^A^aH, proving (5.3). D 

Some special case for to = 2 of the second part of the following result has been 
discussed by Gruber and Hiss [GH] in the context of representations finite groups 
of Lie type. 

(5.4) Corollary. Let H be the Ariki-Koike algebra over an integral domain R, 
in which fm,r is a unit. Let a = cns(A) for A G Am{n, r). Then 

EndH {®xeA^{n,r)eaXx'H.) = Endn {®xeAm{n,r)eaXx'ii) 

— ©MeA("i,r)End-^(e^) {®xeA{n,^i)Xx'H{&f^)) . 

Proof. The first equality follows from (5.3). Using standard results (see [AF, (21.2)] 
or [DPS, (0.1)]), we know that 

EndH {®XeA^{n,r)eaXx'ii) = EndgHe {®XeArr,{n,r)eaXx'H.£) ■ 

For A = {X^'^\--- ,A*^™'^) G A^(n,r), write cns(A) = a = [a^]. Then we have 
XxHi&a) =Xx(i)'H{&aJ ®i? ■ ■ ■ Ofl X;^(,„) 7^(©a^_a^_ J , and by the proof of (5.3), 
GaXx = XxGa- Therefore, CaXxHs = Xxe-a'H{&a) — Xx'H{&a)- By (3.10), we have 

EndgHs {®XeAr,^{n,r)e-aXx^e) = Q)aeA[m,r]^T^(ie^Ue^ (©A6A(n,e(a))a^A6aHea) 

— ©MeA(m,r)End-^(e^) {®XeA{n,^i)Xx'H{&^j.)) ■ 

Here G is defined in (1.1). □ 

The endomorphism algebra S^(n,r) = EndH {®xeA^(n,r)Xxii) is called a q- 
Schur"^ algebra in [DR2], which is a cyclotomic g-Schur algebra in the sense of 
[D JM] . It is proved in [DR2] that a Borel type subalgebra of a g-Schur"^ algebra is 
isomorphic to a Borel subalgebra of a g-Schur algebra. Now, with the invertibility of 
the polynomial fm,r, we establish below a Morita equivalence between the module 
categories of a g-Schur"^ algebra and a direct sum of tensor products of certain 
g-Schur algebras. 

(5.5) Theorem. Let H = H© be the Ariki-Koike algebra over a discrete val- 
uation ring O. Then the q-Schur^ algebra SQ{n,r) is Morita equivalent to the 
algebra 

^ S^(nr-, Hi) ® ... © Sl){nr, Hm-i) ® SQ(n, /i^). 

liEA(m,r) 

Proof. We first note the isomorphism 

(5.6) 0End^^(e^) {®xeAin,^.)Xx'Ho{e^^)) = ®^T'S^(n„ ^u,) ® S^(n, M, 

where fx G A(m, r). The g-Schur algebra of bidegree {n,r) is a (integral) quasi- 
hereditary algebra, whose simple modules are parametrized by A(n, r)"*" (see [DS, 
§2]). Therefore, by [Wi, (1.3)] (or a cellular basis argument [GL],[DR1]), the algebra 

©Il7^S^(?i^,;U,)®S^(n,;U^) 

liEA(m,r) 
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is a quasi-hereditary algebra, whose simple modules are indexed by A^(?i, r)""". 
Thus, PIMs are indexed by Am(n, r)"*", too. Using Fitting's Lemma, the non- 
isomorphic indecomposable direct summands (The existence of these modules fol- 
lows from Heller's result, [CR, (30.18iii)].) of Q)xeAmin,r)X\eaiioGa are indexed 
by Am(n, r)"*". Therefore, the non-isomorphic indecomposable direct summands of 
®\eArain,r)eaX\iio are indexed by A^(n, r)+ by (5.4). Since CaX^ = x^e^ and 
e^ = Ca, we have CaXxHo © (1 — ea)xxIio = x\Iio- It follows that every direct 
summand of CaXxHo is a direct summand of x\Iio- Now, by the quasi- heredity 
of the g-Schur"^ algebra (see [DR2, (5.10)]), the non-isomorphic indecomposable 
direct summands of ®\eAm{n,r)X\iio are indexed by Ajn{n,r)~^. Therefore, both 
®\eAm{n,r)X\H.o and ®\eAm{n,r)GaX\iio have the same non-isomorphic indecom- 
posable direct summands. Consequently, the g-Schur"^ algebra 8^(71, r) is Morita 
equivalent to Endno {®xeAry^{n,r)GaXxiio)- Now, the required Morita equivalence 
follows from (5.4) and (5.6). D 
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